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Abstract

For strongly continuous semigroups on a Hilbert space, we present a short proof of the fact
that the left inverse of a left-invertible semigroup can be chosen to be a Cy-semigroup as well.
Furthermore, we show that this semigroup need not to be unique. Moreover, we concentrate
to show the relation between left invertibility of Cp-semigroups and exact observability, and
also we discuss the characteristic property of the left invertible semigroups on general Banach

spaces and admissibility of the observation operators for such semigroups.

Keywords : Strongly continuous semigroup, Left inverse, Exact observability, Admissibile ob-

servation operator.

Résumé

Pour les semigroupes fortement continus sur un espace de Hilbert, nous présentons une courte
. .- , . . . . , N
preuve du fait que I'inverse gauche d’un semigroupe inversible a gauche peut également étre
choisi pour étre un Cp-semigroupe. De plus, nous montrons que ce semigroupe n’est pas
unique. Ensuite, nous donnons la relation entre l'inversibilité a gauche des Cp-semigroupes
et 'observabilité exacte, et aussi nous discutons de la propriété caractéristique des semigroupes
inversibles a gauche sur les espaces de Banach généraux et de 'admissibilité des opérateurs

d’observation pour de tels semigroupes.

Mots clé : Semigroupe fortement continu, Inverse a gauche, Observabilité exacte, Opérateur

d’observation admissible.
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Introduction

The purpose of this study is to develop a research paper of HANS ZWART entitled "Left-
invertible semigroup on Hilbert spaces” published in the Journal of Evolution Equation, 13(2013)
335-342.

The aim of this work is to study left invertible semigroups and its relation with exact observ-
ability. In [0], Louis and Wexler showed that if a strongly continuous semigroup on a Hilbert
space is left invertible for one or equivalently all positive time instants, then there exists a
left inverse which is also a strongly continuous semigroup. Their proof uses optimal control
and Riccati equations. The present work uses Lyapunov equations. Furthermore, using this
Lyapunov equation, the author showed that any left-invertible semigroup is a bounded pertur-
bation of an isometric semigroup, the results obtained in this work complement those found
in [1, 11] and [12], who mainly concentrate on the relation between left invertibility and exact
observability.

The thesis is organized in three chapters.

Chapter 1 is a reminder on essential notions, first we present some basic and important prop-
erties of linear bounded and unbounded operators, second we introduce basic concepts and

properties of semigroup. Finally we recall some notions from control theory.

In Chapter 2, We present some characteristic properties of the left invertible semigroups on
general Banach spaces and define the concept of admissibility of observation operators for such

semigroups.

In Chapter 3, We first establish necessary and sufficient conditions for a Cp-semigroup on
Hilbert spaces to be left invertible. Then we present a proof based on Lyapunov equation of
the fact that the left inverse of a left-invertible semigroup can be chosen to be a Cy-semigroup
as well. Finally, we show that any left-invertible semigroup is a bounded perturbation of an

isometric semigroup.



Chapter 1
Preliminaries

In this introductory chapter, we will introduce some basic concepts and well-known results that

facilitate the understanding of this work, in particular we recall
1. Bounded linear operators on Banach and Hilbert spaces.
2. Unbounded linear operators on Hilbert spaces.
3. Semigroups of linear operators.

4. Notions from control theory.

1.1 Bounded linear operators on a Banach and Hilbert spaces
Let Z and Y be two complex Banach spaces, and K the field IR or C.

Definition 1.1.1 (Linear Operators)
We call linear operator any application A:Z — Y which satisfies

1. Veyye Z, A(x+y) = Ax+ Ay.
2.V eK, VeeZ, A(Ax) = A(x).

Definition 1.1.2 (Bounded operators)
We say that a linear operator A:Z — Y is bounded if there exists a constant M € R’ such
that

|Az|| < M ||z||, Vx € Z.

if A is a bounded linear operator, then its norm is defined by

A
] o= sup 1221
2R el

3



CHAPTER 1. PRELIMINARIES

The set of bounded linear operators defined from Z to'Y is a Banach space denoted by B(Z,Y),
if Z=Y we denote B(Z) instead of B(Z,Z).

Proposition 1.1.1
Let A, Be€ B(Z) and X\ € K, then A+ B, AA and AB are also bounded operators. Moreover

[AB| < [[All [|B]-

Definition 1.1.3 (Inverse of an operator )
Let A€ B(Z), we say that A is invertible if there exists an operator B € B(Z), which satisfies

AB=BA=1.
B is said to be the inverse of A and we denote it by B = A",

Definition 1.1.4 (Left and Right inverse of an operator)
Let Ae B(Z).

1. We say that A is left invertible if there exists an operator B € B(Z) such that

BA=1.

2. We say that A is right invertible if there exists an operator B € B(Z) such that

AB=1.

Theorem 1.1.1 (Banach isomorphism)
Let T:Z — Y be a linear bounded and bejective operator, then T~1 € B(Y,Z).

Definition 1.1.5 (The resolvent set of an operator )
Let A€ B(Z), we say that X\ € C belongs to the resolvent set of A if A— X is a bijection from
Z into Z and (A—N)~' € B(Z). The resolvent set of A is denoted by p(A).

p(A)={ e C: A— Al invertible }.

Definition 1.1.6 (The spectrum of an operator)
Let A€ B(Z). The spectrum of A denoted by o(A) is the complement in C of p(A).

o(A)={AeC: A— A non invertible }.

4



1.1. BOUNDED LINEAR OPERATORS ON A BANACH AND HILBERT SPACES

Definition 1.1.7
The point spectrum of A is the set of eigenvalues of A, denoted by o,(A), then

op(A)={ € c(A): A— Xl non injective }.
The continuous spectrum of A denoted by o.(A) is the set
oc(A) = {)\ co(A): A=A injective and Im(A—X\)=Im(A—N\)= Z}.
The residual spectrum of A denoted by o,(A) is the set
or(A) = {)\ co(A): A=\ injective and Im(A— )= Z}.

Remark 1.1.1

1. The spectrum o(A) is the disjoint union of three sets

o(A)=0p(A)Uocc(A)Uo,(A).
2. If the dimension of the space Z is finite, then o.(A) = 0,(A) =0. Hence o(A) = op(A).
3. If the dimension of the space Z is infinite, then op(A) can be empty.

Proposition 1.1.2
Let A€ B(Z), then o(A) is a closed and bounded nonempty subset of C. Moreover,

a(A) < B(0, [l Al)-

Where B(0, ||Al|) is the closed disc of C with center zero and radius ||Al|.

1.1.1 Dual of a normed spaces

Definition 1.1.8
Let Z be a normed space over the field K, The space B(Z,K) of continous linear functions
of Z in the field K is called the topological dual of Z, denoted by Z*. Similarly, we denote
by Z** the dual of Z*, which we call bidual of Z. We define a duality between Z and Z* by
(z, f) = f(z) € C, and we have
1fllz= = sup [z, f)] =fll= sup |f(z)].
[z)<1 lzll<1
Theorem 1.1.2
Let Z and Y be two Banach spaces, for all A € B(Z,Y), there exists a unique A* € B(Y* , Z*),
such that
(A*f)(z) = f(Ax), Ve e Z, VfeY™.

Moreover, |[Allgzy) = A" |Bry+,2+)-
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Proposition 1.1.3
Let Z be a Banach space, for all A,B € B(Z), and for all o € K, we have

1. (A+B)* = A* + B*, and (aA)* = aA*.
2. (AB)* = B*A*.

3. If A™1 ewists and A~' € B(Z), then (A*)™! exzists and (A*)~! € B(Z*), and (A*)~! =
(A7

Theorem 1.1.3
1. Let Z be a normed space and 'Y a Banach space, then (B(Z,Y),||.||) is a Banach space.

2. The topolgical dual of any normed space Z is a Banach space.

1.1.2 Adjoint of a bounded opeartors on a Hilbert spaces

In this part we suppose that Z and Y are Hilbert spaces on K.

Theorem 1.1.4 (Riesz frechet theorem)

Let f € Z* be a linear form, then there exists a unique vector y such that

f(x) = (e,y) , forallwe Z and || fllz==|yllz-

Definition 1.1.9
Let A€ B(Z,Y), then there exists a unique operator A* € B(Y,Z) such that

Vee ZVyeY : (Ax,y) = (x,A"y).
The operator A* is called the adjoint of A.

Example 1.1.1
Let Z = L*([a,b]) and let A: Z — Z defined by

(Af)(s) = [y k(s t) f(t)dt, with k € L*([a,b] x [a,D]),
we shall compute the adjoint of A. Vf,g€ Z
b - b rb -
(Afg)z = [ Af@)-g@dz= [ [“k@.t)f@0)dt- g(@)dr

= [ ft) | k(z,t)-g(z)dzdt

k(x,t)g(z)dzdt

S|
@\Q\



1.2, UNBOUNDED LINEAR OPERATORS ON HILBERT SPACES

Proposition 1.1.4
Let A,B € B(Z), then we have

1. (A+ B)* = A* + B*, and (0 A)* =aA*,
2. (AB)* = B*A*.

8. If A7 exists and A™! € B(Z), then (A*)™1 exists and (A*)~! € B(Z), and (A*)~! =
(A7)

4 L A=l A

Definition 1.1.10
Let Ae B(Z), then

1. A is said to be self adjoint if A= A*.

2. A is said to be positive if for all x € Z, (Azx,x) > 0 and we denote the postive operator by
A>0. We write A> B if A— B is positive.

3. A is said to be isometric if |Azx| = ||z||, for all x € Z.

4. A is said to be unitary if A*A=AA*=1.

Remark 1.1.2
The condition (Az,x) > 0 automatically implies that A is self adjoint, since in this case A is
self adjoint if and only if (Ax,z) € R.

1.2 Unbounded linear operators on Hilbert spaces
We suppose in this section that Z and Y are Hilbert spaces

Definition 1.2.1 (The Domain of an operator)
A linear operator A from Z to'Y is a linear map defined on a vector subspace D(A) of Z called
domain of A such that

D(A)={zxe€Z, AzxecY}.

Definition 1.2.2
e The graph of A is the vector subspace of Z XY denoted by Gr(A) and defined by

Gr(A) ={(u,Au); u € D(A)}.

7
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e The kernel of A is the subspace of Z denoted ker(A) and defined by
ker(A) ={u e D(A); Au=0},
and the image of A is the subspace of Y denoted Im(A) and defined by
Im(A) = {Az; z€ D(A)}.

o We say that A is injective if ker(A) = {0} and that A is surjective if Im(A) =Y.

e The operator A is bijective if it is both injective and surjective.

Definition 1.2.3 (Unbounded operators)
An unbounded linear operator from Z to Y is the pair (A, D(A)), where D(A) is a subspace
vector of Z and A is a linear map from D(A) C Z to Y.

Proposition 1.2.1 [9/
Let A and B be two unbounded linear operators and o € K. Then we have the following

properties
1. D(A+ B)=D(A)ND(B);
2. D(AB)={x€D(B): Bt € D(A)};
3. e Ifa=0, then D(aA)=Z and a A =0;

e Ifa=0, then D(aA) =D(A) and (aA)xr = a(Az),Vx € D(A).

Definition 1.2.4 (Closed operators)
An unbounded linear operator A:D(A) C Z =Y is closed if it’s graph

Gr(A) ={(z,Ax); x € D(A)},
s closed in Z X Y.

Remark 1.2.1
An operator A is closed if and only if for any sequence (zy,)n in D(A) such that
and lim Az, =y, then x € D(A) and y = Ax.

n—-4o00

lim z, ==z
n——+00

Definition 1.2.5 (Extension of an operator)
We say that (A, D(A)) is an extension of (B,D(B)) if D(B) C D(A) and Bx = Ax Nz € D(B)
we denote B C A. Moreover B C A if and only if Gr(B) C Gr(A).

Definition 1.2.6 (Adjoint of an unbounded operator)
Let A:Z —'Y be an unbounded operator of dense domain D(A) and let the domain

8



1.2, UNBOUNDED LINEAR OPERATORS ON HILBERT SPACES

D(A*) ={y €Y such that f:x — (Ax,y) is continuous on D(A)}
If y € D(A*), then there exists a unique vector z € Z, such that
(Az,y) = (x,2), for all z € D(A).

We denote the unique vector z € Z by z = A*y, the linear operator A* is called the adjoint of
A.

Remark 1.2.2
From the defenition of the adjoint we deduce that if A is the extension of B, then B* is the
extension of A* and D(A*) C D(BY).

Theorem 1.2.1 [9/
Let A, B and AB be densely defined operators on the Hilbert space Z. Then

(a) B*A* C (AB)*.
(b) If D(B*) is dense in Z, then B C B**.

Definition 1.2.7 (Invertible unbounded operators)
We say that an operator A:D(A) C Z =Y is invertible if A is bijective and has an inverse
ALY — D(A) C Z bounded.

Definition 1.2.8

Let A be a closed operator. We say that the complexr number X is in the resolvent set p(A) of
A, if N — A is bijective from D(A) into Z such that (A — A)~1 is bounded.

If A€ p(A), R\ A) = (M — A)~1 is called the resolvent or resolvent operator of A.

The spectrum of A is the set o(A) = C\p(A).

Remark 1.2.3
We note that in the case of bounded linear operators the spectrum is never empty and the
spectrum, is never equal to C, but in the case of unbounded operators the spectrum can be empty

as it can be the set C.

Definition 1.2.9 (Symmetric and self adjoint operators)
o We say that the operator A:D(A) C Z =Y is symmetric if
(Az,y) = (x,Ay), Vx,y € D(A) and D(A) = D(A*).

e We say that the operator A is self adjoint if
(Az,5) = (z, Ay), Vz,y € D(A) and D(A) = D(A").

9



CHAPTER 1. PRELIMINARIES

Example 1.2.1
Let Z = L*(0,1) and Af =if’ an operator defined on D(A) C Z.

1. Suppose that D(A) = {f € Z : f is absolutely continuous and f' € Z}. Calculate A* the
adjoint of A.

(Af.g) = [ a7 g0t =i (g~ [ ()7 e

1
= if (Vg(1) —if (0)g(0) + [ F(t)ig (D)t
This expression can be written in the form (f, A*g) if and only if g is absolutely continuous,
g(1) = g(0) = 0 and ¢’ € L?(0,1). Then D(A*) = {g : g is absolutely continuous and
g € L*(0,1) and g(1) = g(0) =0}, and A*g=1ig .

As A= A* and D(A) C D(A*) we can say that the operator A is symmetric.

2. If D(A) = {f € Z is absolutely continuous and f" € Z and f(0) = f(1)}. Calculate the
adjoint of A.

1 _ _ 1
(Af.g)= | if (Dg@at =[if gl — | if (g @t

0 0

- - 1 - ’
= if(g(1) = if O)gO) + [ f(B)ig Bt

This expression can be written in the form (f, A*g) if and only if g is absolutely continuous,
g(1) = g(0) and ¢’ € L*(0,1). Then D(A*) = {g : g is absolutely ontinuous and g’ €
L2(0,1) and g(1) = g(0)}, and A*g =g’

As A= A* and D(A) =D(A*) we can say that the operator A is self adjoint.

Definition 1.2.10
We say that the operator A:D(A) C Z —Y is dissipative if

Vo e D(A), A>0, |Azx— Az| >\

Theorem 1.2.2
An unbounded linear operator (A, D(A)) in Z is dissipative if and only if

Ve e D(A), (Az,z)<0.
In the case of a complex Hilbert space, the previous condition is remplaced by

Ve € D(A), Re(Az,z)<0.

10



1.3. SEMIGROUPS OF LINEAR OPERATORS

1.3 Semigroups of linear operators

Definition 1.3.1 /7]
We say that the familly of bounded linear operators (T'(t))iso from Z to Z is a semigroup if

1. T(0) =1, (where I is the identity operator).
2. Vs, t20, T(t+s)=T(t)T(s).

Definition 1.3.2 /7]
We say that the semigroup (T'(t))is0 is

1. Uniformly continuous if
lim [|T(t)—I||=0.

t—0t

2. Strongly continuous if

lim T'(t)x =z, Ve € Z.
t—0t

A strongly continuous semigroup is said to be Cy-semigroup.

Definition 1.3.3 (Infinetisimal generator) /7/

We call infinitesimal generator of a semigroup (T'(t))ts0, the unbounded linear operator A de-
fined by
A: DA CZ — Z
r — Ar= lim M,
t—0t t
where
D(A) = {x € 7, Jim LT =T

t—0

exists in Z} )

Example 1.3.1

Let Z =1 ={x = (vn)nen*; (25 |7a]?) < +o0} endowed with the norm
lellz = lwn)nenllz = (S35 fea )2
Let (T'(t))e>0 be a family of linear operators defined by
T(t)x =T(t)(xn)nen = (67" "on)nens, Vt > 0.

I. We show that (T'(t))>0 is a Co-semigroup on Z;

1. T(0) = Id, indeed, we have T(0)(zn)neN+ = (e‘”Q'Oxn)neN* = () nent = (Tn)neN*,

then T'(0) = 1.

11
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2. We show that T(t+s) =T (t)T(s), Vt, s>0, Vt, s=0, we have

2 2

2 2 2
T(t+ 3) (-Tn>n61N* = (e—n (H_S)xn)nE]N* = (e—n t=n Sl‘n)nelN* = (e—n te—n Sajn)nEIN*a
(1.1)
On the other hand we have
THT(5) (@) nen = TE) (€™ *zn)nens = e ™ He™ *zn)nens = (67 te™ 520 ) nene.
(1.2)

From (1.1) and (1.2) we get T(t+s) =T (t)T(s), Vt, s=0

3. Now we show that lim;_,o+ ||T(t)z — || =0, Vo € Z.
For all x € Z, we have
—n?t

IT()z — 27 = [T()(@n)new+ = (@n)nenelIZ = (€™ n — 2n)nen+ 2,

2
= II((G "= D )nen+|Z

—ZI T D,
<<n§|(e"2t—1)|2>.<§|(a:n)12> (Zl - |2>||( %

Then 0 i IT0) s e ~ (o hoenv | i ( 516 = D) e,

t—0t

such that lim (Z (e nzt—1)|2>||($n)||2zzo-

t—0t

t—0+

2

Thus (T(t))i0 where T(t)(zn)nens = (€7 '2n)nen, Vt =0 is a Co-semigroup.

II. Determine the infinitesimal generator of this Cy-semigroup.

Tt)r—x
By definition we have Ax = lim L
t—0t t
indeed,
2 2
Tt)x= (e tay)nen = (e tay, e Mag, .. e Tay, ),
then Tt)r—x _ (e_txl —x1 e Hrg— 19 e_”thn — Iy )
; ; , ; s ; yee)s
T(t)x —x el —x e Mry— ey, — 1
it follows that lim ®) = (lim — 2= gy & 22 gy T on
t—0t t t—0t t t—0+ t 0+ t
= (—x1,—4x9,...,—n’Tp, ..).
Consequently Ax = (—x1,—4xa,...,—n’Tp,...),

Thus Az = (Axp)neN+ = (—n2mn)n€N* and D(A)={(zp)nen* € 2. (—nzxn)ne]N* € l2}.

12



1.3. SEMIGROUPS OF LINEAR OPERATORS

1.3.1 Properties of semigroups

Theorem 1.3.1.1
A linear operator A is the infitesimal generator of a uniformly continuous semigroup if and

only if A is a bounded linear operator.

Proof
See [7, page 2| m

Theorem 1.3.1.2
Let (T'(t))t=0 be a Cy-semigroup, then there exists w >0 et M > 1, such that :

IT(t)]] < Me*', Vt>0.

Proof
See [7, page 4] =

Theorem 1.3.1.3 [//
Let (T'(t))ts0 be a Cy-semigroup with generator infinitesimal A then

1. If x € D(A) then, T(t)x € D(A) for allt >0,

2. For allx € Z, we have : lim — / s)xds =z,

3. Forallx e Z, / s)x ds € D(A ,andA/ s)x ds=T(t)x —x,
d

4. For allz € D(A), T(t)x € D(A), and %T(t):c = AT (t)x =T(t)Axz,

5. For allx € D(A), T(t)x —T(s)x = /tT(T)Am dr = /t AT (1)z dr,

S
6. T(nt)=T(t)", for allt >0 and n € N,
7. If wo = infrso ($log[|T(®)])), then wo = limy0 (§log||T(#)]]) < oo,

8. Yw > wy, there exists a constant My, such that ¥Vt >0, ||T(t)|| < Mye*t.

This constant wq is called the growth bound of the semigroup.

Proof
1) Let © € D(A), show that T'(t)x € D(A), for all t > 0. We have
1 1
lim —(7'(s)T(t)x —T(t)xr) = lim —(T'(t —-T(t
Jim L (T()T (1) — T(0)a) = Tim (Tt +5) — T()a)
1
=T(t) lim —(T —
() Jim ~(T(s)e — )

=T(t)Ax.

13



CHAPTER 1. PRELIMINARIES

Then we deduce that T'(t)x € D(A) and A(T(t)z) =T(t)Ax.

2) Let € Z and € > 0, as the semigroup (7'(t)):>0 is strongly continuous, we can choose a

constant 7 > 0 such that

for ¢ € [0, 7] we have

Then

Thus

3) Let z € Z ; t >0, show that

RGON:

Then

Thus

T(r)x dr — fg

lim
s—0t S

|T(s)x—z||<e Vsel0,7].

I [ T(s)e ds =l =I5 [T —a] ds]

_t/n ) — x| ds < = /g@_g

1 rt
HEAT@ﬂd&ﬂﬂga

lim / )z ds=x.
t—0t+ t

L) i

;i_rf(l)i(T(s).fg T(r)z dr — [ET(r)z dr) exists. We have
T(r)e dr) = (BT T dr— [T dr)

= 1(fg’T(str)ac dr — fOtT(r)a: dr)

i”SHT( S)a ds— [§T(r)w dr)  tel que 3=s+r
= LT @) s+ [T @) di— [T de— [IT(r)e dr)
—;F“T@x@—ﬁmem)
i“b TG+t ds— [gT(r)x dr)  tel que 5=3—1
=L reree ds- 5T @)
i(@k T(5)x ds— J§T(r)x dr)
=L@ - TN dr
(WWFBTMxW)Zgﬁé@@_DHmeW
:(T@%—D;g%i(inmxdr
=(T(t) - Dz

/Ot ()deED(AcmdA/ t)r ds=T(t)x — x.

14



1.3. SEMIGROUPS OF LINEAR OPERATORS

4) Let x € D(A), show that the right derivative of T'(t)z exists. We have

d . Tt+71)-T(t)
ET(t)x - 7'11%1* T v
L TOTE) T
T—0t T
= £%+T(t)w$
=T(t) 11I(I)1+ (T(T)T_I)xx =T(t)Ax.

Then the right derivative exists, we have also

T(t)—-T(t—
iT(t)x = lim (®) (t T>$
dt T—07F T
~ lim Tt—7)T(r)—T(t—T1) .
T—0t T
= lim T(t—71) (T(r) =1 x
T—=0t T
T(r)—1
= lim T(t—7).lim (7) >x
T—0t T— T
=T(t)Az

Then the left derivative exists. Thus

d
T T(t)e = AT(t)z = T(t)Ax.

5) Let x € D(A), we integrate (3) we obtain
Tt)x—T(s)x =[! C%T(T)x dr

= [LAT(r)z dr

= ['T(7) Az dT

6) Easy to check by recurrence.

7) Let to > 0 be a fixed number and M = sup;c(o 4, [|T'()||, then for every t > o, there exists
n € N such that ntg <t < (n+1)tg. Consequently
log[[T(0)[ _ log|[T™(t0)T'(t — nto)]|

t t
Sm%ymm+b§4

_ log|T'(to)]| nto , logM

t Tt t

15
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log || T'(t log M
The latter is similar or equal to og [T (to)ll 4 08

; , if log ||T'(to)]| is positive.
log [T (to)ll t—to , logM

and it is smaller than or equal to , if log||T'(to)]| is negative.

t Tt
Thus | T | T
t t
s EIT O _ s TG0 _
t—+00 t to

and since tq is arbitrary, we have that

log ||T'(t log ||'T'(t log ||T'(t
i PEITOL | o[ TOI g [T(0)]
Thus Lo |1 low I
t t
g BT _ o
t>0 t t—+4o00 t
log ||'T'(t
8) If w > wy, there exists a ty such that OgHt()H <w fort >ty that is,
|T(t)]| < et for t > tg
But

IT(H)]| < My for 0<t<tg

and so with M,, = My, for the case that w >0,
and M, = e “ M, for the case that w < 0,

we obtain the stated result. =

Proposition 1.3.1.1 [7/
Let (T'(t))t=0 be a Cy-semigroup, then its infinitesimal generator A is closed and D(A) is dense
in Z.

Proof
1) Let = € Z, show that there exists a sequence (z:).>¢ such that x. € D(A),Ve > 0 and
limx. = x.
e—0

By Theorem 1.3.1.3 we have
S
/O T(t)z dt € D(A);s > 0.

Let 7. =&~ ! [ T(t)x dt, then x. € D(A).
On the other hand we have

. T 1 e
gl_rf(l)xg —;1_:% et 5 T(t)z dt,

i ST dt— QT (D db),

e—0 ¢
=T(0)x,

=X.

16



1.3. SEMIGROUPS OF LINEAR OPERATORS

Then lin%xg =1z € Z, so there exists (z:)->0 € D(A) such that lin%az:E =x. Thus D(A) = Z.
E— E—

2) Show that A is closed. Let (z5,) be a sequence in D(A) which converges to x € Z such that
lirrben =y, let us show that x € D(A) et Az =y. By Theorem 1.3.1.2, there exists w > 0 and
n—

M > 1 such that, for all ¢ > 0,

IT(t) Azp — T(t)y|| < Me*" | Az —y]|,

and

lim Az, =y = lim T(t)Az,=T(t)y.

n—-+4o0o n—-4o0o

As (z,,) € D(A) we have
t
Tt)xy —xp= | T(s)Ax, ds.
)y, —x /0 (s)Ax, ds

Then we obtain

¢ t
lim (T(t)xy, —2p) = lim T(s)Axy, ds:/o T(t)y ds,

n—+o0o n—+o0 J(
T(t)x — 1t
and lim TMz—w = lim — [ T(s)y ds=y.
t—0t t t—0t tJo

Consequently x € D(A) and Az =y. Then A is a closed operator. m

Lemma 1.3.1.1 [7]
If (T(t))es0 is a Cy-semigroup of invertible operators, then (T~1(t))sso is also a Co-semigroup.
Moreover if A is the infinitesimal generator of (T'(t))i=0 then —A is the generator infinitesimal
of (T~1(t))z0.

Proof
Let (T(t))i>0 be an invertible Cp-semigroup, (T71(t));>o exists. We assume (S(t))i>0 =
(T~ (t))ezo0,
Let us show that (S(t)) is a semigroup

St4s) =T t+s)=(TW)T(s) L =T"Ys)T7L(t) = S(s)S(t).

Let us show that (S(¢))¢>0 is strongly continuous. For s >0, ImT = Z (surjective).
Let z € Z and s > 1, there exists y € X such that T'(s)y = x, so for t < 1 we have

1Tz =zl =TT OTOT (s —t)y = T(s)y]
=[T(s—t)y—T(s)y|| — 0 when t—0.

Then, (S(t))¢>0 is strongly continuous. Finally, for x € D(A) we have
T (t)x — T (t)x — —T(t
lim L DT=2 g T Wr=e 2= T
t—0 t t—0 t t—0 t
Thus — A is the infinitesimal generator of (T~1(t));>0. =

= —Ax.

17
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Theorem 1.3.1.4 [//
If (T'(t))t>0 is a Co-semigroup with infinitesimal generator A on a Hilbert space Z, then
(T™(t))e>0 is the Co-semigroup with infinitesimal generator A* on Z.

Lemma 1.3.1 [/]
Let (T'(t))t>0 be a Co-semigroup with infinitesimal generator A and with growth bound wq. If
R(A) > w > wo, then A € p(A), and for all z € Z the following result hold

Mo — R

g —Ww

<MAAV:%M¥ﬁD1z:AmeAWﬁkdtmm 1RO, A)|| <

1.3.2 Stability of semigroups

Definition 1.3.2.1 [7]
We say that the semigroup (T'(t))i>0 s

1. Exponentially stable if there exists a constant M >1 and o > 0 such that
|T(t)|| < Me™" for all t>0,
equivalently if
| T(t)x|| < Me™ x| for all t>0 and for all x € Z.

2. Uniformly stable if
|T(t)|| = 0 when t — +o0

3. Strongly stable if
|T(t)z|| — 0 when t — 400, for all x € Z.

Remark 1.3.2.1
The uniform stability is equivalent to exponential stability and uniform stability implies the

strong stability, but the reciprocal in general is not verified in infinite dimension.

Lemma 1.3.2.1 ( Datko lemma) [//
Let Z be a Hilbert space, the semigroup (T(t))i>0 is exponentially stable if and only if for each
y € Z we have

—+00 9
A 1T (t)y|1? dt < +oo

Theorem 1.3.2.1
Suppose that A is the infinitesimal generator of Co-semigroup (T'(t))e> on Z.

Then the following properties are equivalent

18



1.3. SEMIGROUPS OF LINEAR OPERATORS

(i). (T(t))e>0 is exponentially stable;

(ii). There exists positive operator W € B(Z) such that
(A, Wz) + (Wz,Az) = — (x,z) ,Vz e D(A);

(iii). There exists a positive operator W € B(Z) such that
(Az,Wx)+ (Waz,Az) < — (z,x) ,VzeD(A).

Proof
(1) = (2). As (T'(t))e>0 is exponentially stable, let the operator W given by
+00
Wx= [ T*(t)T(t)xdt, W is well defined. Indeed, we have
0

Wall = [T @7 O]
+o00
< I 0Tt

+00 +00 9
< T OUNTON=llde < T @Il dt

—+o00
< (M2 i e—%ﬁdt) lall < estlall,
0

then W is bounded, moreover
+00
(x,Wzx) = <:U, / T*(t)T(t)xdt>

= Of (x, T*(t)T(t)x)dt

_|_
8

= [ (Tt)x,T(t)x)dt

IT(¢)||*dt > 0

og‘é’ o

(z,Wx) =0, then ||T(t)x|| = 0 almost everywhere on [0,+oc[, and since (T'(t))¢>0 is strongly

continuous, then ||7°(¢)x| = 0 and therfore x = 0.

19



CHAPTER 1. PRELIMINARIES

Let us show that W verifies the Lyapunov equation.
+00 +00
(A, Wz) + (Wa,Ax) = <Ax, / T*(t)T(t)xdt>—|—< / T*(t)T(t)xdt,Ax>
0 0

- +Of°° (A, T*(D)T(t)xdt) + ?(T*(t)T(t)x,Amw

“+00

= [ HTOART(@)a) + (T (@), T(0) Ax) | di

If x € D(A), then T'(t)Ax = AT'(t)xz. Thus

+o00
(A, Wz) + (Wa, Az) = / | (AT (), T(t)x) + (T(t)z, AT (t)z) | dt.
0

d
If x € D(A), then d—T(t):c = AT'(t)x. Thus
T

(Ax,Wz) + (Wa, Az) = ?K;;T(t)xj’(t)@ (T, £T(1)a)| dt

we have p
. Ti _ 2
Jim [* S (T, T (@)t =]
then
(Az,Wa) + (W, Az) = —||z||? = — {z, ).

(2) = (3) obvious.
(3) = (1). Let W be a positive symmetric solution of the Lyapunov equation and let

V(t,x) = (WT(t)x,T(t)z).

Since W >0, then V (¢,2) >0 for t > 0.
For z € D(A), then V(.,z) is differentiable with respect to ¢t and

jtv(t,x) — <%WT(t)x,T(t)a:> - <WT(t)SL‘, %T(t)$>
= (WHT Oz, T(t)x) + (WT(t)x, $T(t)z)
= (WAT(t)z, T(t)z) + (WT(t)x, AT(t)z)

= (AT(t)x, WT (t)x) + (WT(t)x, AT (t)z) < —||T(t)z|>.
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1.3. SEMIGROUPS OF LINEAR OPERATORS

then we obtain

d 2
7‘/ < — .
dt (t,l’) = ||T(t)£(]||

Integrate the two sides of the above inequality from 0 to s (s> 0)

V@@—V@@S—ANT@ﬂ%t

Where
S
0<V(s,z) < V(0,z) —/0 | T(8)||2dt.
Thus
S
/0 1T (0)z|2dt < V(0,2).
i.e.,

/08 IT(0)z||?dt < (z,Wa), Vae D(A)

Since the domain D(A) is dense then Vo € Z, 3 (x)n>1 € D(A) such that n11_>rrolo(xn) =z,
then we obtain ngrfw Jo IT(#)xn||*dt < ngrfoo (X, Way), YrxeZ
implies

/O IT(t)z||2dt < (z,Wz), VzeZ,

then
S
/0 1T (8)]|2dt < +oc.

By Datko’s lemma (7°(t))+>0 is exponentially stable. m

1.3.3 Contraction and isometric semigroups

Definition 1.3.3.1 (Contraction semigroup) ///
(T'(t))e=>0 is a contraction semigroup on a Hilbert space Z if it is a Co-semigroup that satisfies an
estimate || T'(t) ||< 1 for allt >0, equivalently if || T(t)x|| < ||z|| for allt >0 and for allx € Z.

We shall now give necessary and sufficient conditions for a closed, densely defined operators to

be the infinitesimal generator of a contraction semigroup.

Theorem 1.3.3.1 [/]
Let A be a closed, densely defined operator with domain D(A) on a Hilbert space Z. Then
A —wl is the infinitesimal generator of a contraction semigroup (T'(t))i>0 on Z if and only if

the following conditions hold for all real o > w
[(ad = A)z|| = (@ = w)||z]| for =z € D(A);
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(el =A%)z = (o = w)[|z]] for z € D(AY).

Corollary 1.3.3.1 [/]
Necessary and sufficient conditions for a closed, densely defined operator on a Hilbert space to

be the infinitesimal generator of a Cy-semigroup satisfying || T(t)| < et are

R((Az,2)) <wl|z||>  for z€ D(A)
R((A*2,2)) <w|z||> for z € D(A¥)

Lemma 1.3.3.1 [//

(A—wl) is the infinitesimal generator of the contraction semigroup (e~ || T(t) ||) on the Hilbert
space Z if and only if A is the infinitesimal generator of a Cy-semigroup (T(t))i>0 satisfying
1T < e’

Definition 1.3.3.2 (Isometric Semigroup)
We say that the semigroup (T'(t))i>0 is isometric if || T'(t)x ||=|| z || for allt >0 and Vx € Z.

1.3.4 Perturbation of Semigroups

Theorem 1.3.4.1 (Bounded perturbation Theorem) [/
Let (A, D(A)) be the infinitesimal generator of a Cy-semigroup (T'(t))i>0 on a Banach space Z
satisfying :

1T < Me*t for all t>0 and some w€R,M >1

If Be B(Z), then C = A+ B with D(C) = D(A) is the infinitesimal generator of a Cy-semigroup
(Tp(t))e>0 satisfying
IT(t)|| < Me@HMIBID for all >0

Corollary 1.3.4.1 [7/
Let (T'(t))t>0 be a Cy-semigroup with generator A on Z and (Tg(t))i>0 the semigroup with
generator A+ B for B € B(Z). The semigroup (Tg(t))t>0 is the unique solution of the equation

St)x=T(t)x+ /OtT(t —5)BS(s)xds where x€Z

in the class of strongly continuous operators on Z. This Cy-semigroup satisfies the following

equation for every x € Z
t
Tp(t)r =T(t)z + /0 T(t — s)BTg(s)ads. (1.3)
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1.4 Notions from control theory

Let Z, U and Y be a Hilbert spaces. We consider the following class of infinite-dimensional

systems with input « and output y :

Y (A, B,C) denotes the state linear system, where A is the infinitesimal generator of the Cp-
semigroup (7°(¢))¢>0 on a Hilbert space Z, the state space. B is a bounded linear operator from
the input space U to Z, C' is a bounded linear operator from Z to the output space Y.

We consider £(A, B,C) for all initial states zg € Z and all inputs u € L2([0,7]; U). The state is

the mild solution of
t
z(t) =T(t)z0 +/0 T(t—s)Bu(s)ds, 0<t<rT

To avoid clutter, we shall use the notation X(A, B,—) when the operator C' do not play a role
and Y(A,—,C) when B do not play a role.

Definition 1.4.1 (Exact controllability) ///
For the state linear system Y(A, B,—) we define the following concepts

a). The controllability map of X(A,B,—) on [0,7] (for some finite 7 > 0 ) is the bounded
linear map BT : L2([0,7];U) — Z defined by

BTu::/O T(1T — s)Bu(s)ds

b). £(A,B,—) is exactly controllable on [0,7] (for some finite T >0 ) if all points in Z can

be reached from the origin at time 7, i.e., if ImB”™ = Z (BT is surjective).

Theorem 1.4.1 [/]
The state linear system Y.(A, B, —) is exactly controllable on [0,7] if and only if any one of the

following conditions hold for some v >0 and all z € Z
* 2 T * 2
574, = 15 (B 2) ()] ds = A1,

.. I 2
ii. Jo IB*T*(s)z|;ds >~y 2]1%-

Definition 1.4.2 (Exact observability) [//
For the state linear system X(A,—,C), we define the following concepts
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a). The observability map of (A, —,C) on [0,7] (for some finite T >0 ) is the bounded linear
map CT : Z — La([0,7];Y) defined by

CTz=CT(")z

b). £(A,—,C) is exactly observable on [0,7] (for some finite T >0 ) if the initial state can be
uniquely and continuously constructed from the knowledge of the output in La(]0,7];Y),

i.e., C7 is injective and its inverse is bounded on the range of C".

Theorem 1.4.2 [/]

Y(A,—,C) is exactly observable on [0,7] if and only if any one of the following conditions hold
for some v >0 and for all z € Z

i |C7 23 = [§ I1(C72) (s)lly ds = ~I=11Z,
ii. Jg ICT(s)z[l3-ds = vl|=]1Z,

iii. ker CT ={0} and C” has closed range.

Lemma 1.4.1 (Duality between conrollability and observability) ///
For the state linear system (A, —,C), we have the following duality result
Y(A,—,C) is exactly observable on [0,7] if and only if the dual system L(A*,C*,—) is exatly

controllable on [0,7].

Definition 1.4.3 (Admissibility of the observation operator C) //”/

Let Z and Y be two Hilbert spaces and (T'(t))t>0 be a Co-semigroup on Z with generator A.
C € B(D(A),Y) is said to be admissible for (T'(t))i>o if for some (and hence any) t > 0, there
exists Ky > 0 such that

t
| ICT(s)x|%ds < KZlal®, v € D(A)

An extension concept of admissibility is as follows.

Definition 1.4.4 [/7]
Let Z and Y be two Hilbert spaces and (T'(t))t>0 be a Co-semigroup on Z with generator A.
C € B(D(A),Y) is said to be infinite-time admissible for (T'(t))e>0 if there exists a constant
K >0 such that

/Ooo ICT(s)2||2ds < K2||z|)?, Va € D(A).
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Remark 1.4.1
If (T'(t))t>0 is expenentially stable, the notion of admissibility and infinite-time admissibility

are equivalent. Let | T(t)|| < Mye®t, Vt>0. If C is admissible for (T(t))¢>0, then there exists
a constant M >0 such that

VRN

In what follows in chapter 2, we say that C' satisfying (1.4) is a Weiss class operator.

ICR,A)| < v ORA > w. (1.4)
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Chapter 2

Characteristic of left invertible semigroups

and admissibility of observation operators

2.1 Introduction

In this chapter we discuss the characteristic properties of the left invertible semigroups
on general Banach spaces and admissibility of the observation operators for such semigroups.
We obtain a sufficient and necessary condition about their generators. In their paper [12]
Gen Qi Xu and Ying Feng Shang showed that for the left invertible and exponentially stable
semigroup in Hilbert space there is an equivalent norm under which it is contractive. Based on
these results they proved that for any observation operator satisfying the resolvent condition is
admissible for the left invertible semigroup if its range is finite-dimensional. In addition they

gave a sufficient condition of exact observability of the left invertible semigroup.

Moreover, from [0] we have illustrated the relation between the exact controllability and the
right inverse of a Cp-semigroup, then by duality we deduce some results about the left inverse

of a Cp-semigroup.

2.2 Characteristic property of the left invertible semigroups

In this section we shall investigate the characteristic property of generators of left invertible
semigroups. We shall give necessary and sufficient conditions for a Cp-semigroup in Banach
space to be left invertible. For the sake of completeness, we start by defining the left invertible

semigroup.

Definition 2.2.1 [77]
Let (T(t))e>0 be a Co-semigroup on Banach space X . If there exist some tg >0 and a constant
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¢ > 0 such that
1T (to)z|| = cllz||, VreX

then (T(t))e>0 is said to be left invertible semigroup.

Theorem 2.2.1 [17]
Let (T(t))t>0 be a Co-semigroup on a complex Banach space X and A be its generator. Then

the following statements are equivalent.
1. (T(t))=0,is a left invertible semigroup;
2. There exist two constants o >0 and ¢ > 0 such that

|T(t)z|| > ce”||z||, VzeX, t>0;

3. There exists a constant to > 0 such that

inf T(t > 0.
a7 (o)l

Theorem 2.2.2 [17]
Let (T(t))t>0 be a Co-semigroup on a complex Banach space X and A be its generator. Then

the following statements are equivalent.
1. (T'(t))t>0 is a left invertible semigroup;

2. There exists an equivalent norm ||.||« on X such that, for some real number o, —(A+al)

is dissipative on (X,|.]|«)-

Remark 2.2.1

Note that in a Banach space X we can always define an equivalent norm on X such that a
uniformly bounded semigroup becomes a contraction semigroup, but for a Hilbert space it is not.
However, if (T'(t))¢>0 is an exponentially stable and left invertible semigroup on a Hilbert space,

we can do it. For a precise description see Theorem 2.3.1 in Section 3.

Corollary 2.2.1 [12]
Let (T(t))i>0 be a left invertible semigroup on Banach space X with generator A. If o,(A) =10,
then (T(t))e>0 can be embedded in a Cy-group.

As consequence of Theorem 2.2.2, we have the corollary.

Corollary 2.2.2 [12]
Let (T'(t))t>0 be a Co-semigroup on Banach space X with the generator A. Then the following

statements are equivalent.
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1. (T(t))e=0 is a isometric semigroup;
2. A and —A are both dissipative operators and Im(l — A) = X.

As a direct result of Corollaries 2.2.1 and 2.2.2 we have the following corollary.

Corollary 2.2.3 [12]
Let (T(t))ter be a Cy-group on Banach space X with the generator A. Then the following two

assertions are equivalent.
1. (T'(t))ter is an isometric group;

2. A and —A are both dissipative operators and Im(l £ A) = X.

The following theorem gives invariability of left invertible semigroups on Banach spaces under

the bounded perturbation.

Theorem 2.2.3 [17]
Let (T'(t))e>0 be a left invertible semigroup on Banach space X with generator A. If B is a
bounded linear operator on X, then the semigroup (Tg(t))i>0 generated by A+ B is also a left

invertible semigroup.

Proof
Let A be the generator of Cy-semigroup (T'(t))¢>0 satisfying ||T(¢)|] < Me*t and B be a lin-
ear operator. By the perturbation theory of Cp-semigroups (see Theorem 1.3.4.1 Chapter 1),
A+ B generates a Cy-semigroup (T5(t))¢>o satisfying | T5(t)]| < Me@tMIBD! ¢ > 0. More-
over, (T5(t))e>0 satisfies the integral equation (1.3) (see Corollary 1.3.4.1 Chapter 1).
Using the integral equation (1.3) we get the estimate

t
/OT(t—s)BTB(s)zo < tM?||B||e@HMIBIDE| 011, V2o € X, ¢>0.

Since (T'(t))¢>0 is a left invertible semigroup, according to Theorem 2.2.1, there exist constants

¢ >0 and o > 0 such that

IT(t)z0]| > ce™||20l, V20 € X,t>0.

Let My = M?||B|le@«+MIBI)  and ¢, < min{l, 2]@6_0‘}, 29 € X then we have
1

ITa t0)20] > 17 (@)l - | [/ 7(¢ = 9T

> (ce™™ — oMy ) ||20]| > (ce™ — to M) |20
1
2 ice_aHZOH) VZO € X,

which means that (T5(t))¢>0, is a left invertible semigroup. The proof is then complete. m
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Corollary 2.2.4 [17]
Let (T(t))t>0 be a left invertible semigroup on Banach space X with generator A. If o,.(A) =0
and B is a linear bounded operator, then A+ B generates a Cy-semigroup which can be embedded

i a Cy-group.

2.3 Admissibility of observation operator

In this section we shall discuss the admissibility of observation operators for left invertible
semigroups. In the existing results on the admissibility, a result shows that if B € B(U,D(A))
satisfies the condition

M
|R(A,A)BJ < W% A > w,

then the control operator B is admissible for (T'(t));>0. There is no result on the observation
operator for the left invertible semigroups. However, the following proposition shows that the

left invertible semigroup can become a contraction semigroup.

Theorem 2.3.1 [17]
Let (T(t))t>0 be an exponentially stable and left invertible Cy-semigroup on Hilbert space Z.
Then there exists an equivalent inner product on Z such that (T'(t))¢>0 is an exponentially stable

and contraction semigroup.

Proof
Let (T'(t))t>0 be an exponentially stable and left invertible Cy-semigroup. Then there exist
positive constant M, ¢, o and § such that ce™||z|| < ||T(t)z| < Me % z||, Vt> 0,z € Z.

Define an inner product on Z by

oo
(wyh = [ (T@x Tyt VryeZz
then we have
2 > 2
2l = [T @)al? dt
Clearly, ||z||; is an equivalent norm on Z. In the sense of this norm we have
2 _ [™ 2 > 2
IT@elf = [T T ds = [ |T(s)a]?ds
> 2 2
< [ 1T (s)al*ds = [jall
That is (7'(t))+>0is an exponentially stable and contraction semigroup on Z. m

For the contraction semigroups, the following result is due to Jacob and Partington, which is

probably one of the most important results in the area of admissibility.
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Lemma 2.3.1 [77]
Let (T(t))t>0 be a Cy-semigroup of contraction on a separable Hilbert space with generator
A and let C € B(D(A),C). Then C is infinite-time admissible if and only if C satisfies the
condition that there exists a constant M >0 such that
M
CRMA)| < —, RA>0,
CROA)| <
Let A be the generator of a left invertible Co-semigroup (T'(t));>0 satisfying ||T(t)|| < Mye*t.

We can choose a real a > w such that T, (t) = e"“T(t) is exponentially stable and contraction
semigroup.

As a direct result of this lemma , we have the following result.

Theorem 2.3.2 [17]

Let (T'(t))t>0 be the left invertible Cy-semigroup on Hilbert space Z. Let C' € B(D(A),C").
Then C' is admissible if and only if C' satisfies the condition that, for positive contants M and
W,

M
ICR(NA)| < ﬁv RN > w,

This theorem shows that the Weiss class operators are admissible for the left invertible
semigroups if Y is a finite-dimentional Hilbert space. However if I'm C and hence Y is infinite-
dimentional, then the question of admissibility becomes more complicated. As a result the

resolvent condition (1.4) is not a sufficient condition of admissibility for the left invertible semi-

group.

Finally we close this section by giving a sufficient condition of exact observability for the left

invertible semigroup.

Theorem 2.3.3 [/2]
Let (T'(t))t>0 be the left invertible semigroup on Hilbert space Z. Let C' € B(D(A),Y) be a weiss

class operator. If there exists a T > 0 such that
|CT(T)z| = of|x]], VzeD(A)
then the system L(A,—,C) is exactly observable in finite time.

Proof
Suppose that a Weiss class operator C' € B(D(A),Y) satisfies the condition that there exists a
constant ¢ > 0 such that
|CT(r)el > e, V€ D(A).
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Then for any = € D(A), it holds that

52/0 ||T(t)x||2dt§/0 |CT ()T ()2 2dt
etor 21-2 2
7(1_6_7)21\4 K2z

Note that the semigroup (7(t))s>0 is left invertible. Denote

< [T THa] <

e= inf inf ||T(t)x].
tG[UJ]Hﬂ\:lH (t)el

Then we get
2.2 2 [T 230« [ 2
ol < [ IT(e|? dt < [ OT()T (0| dt
2T
:/ lCT(8)z|)? dt

The proof is then complete. =

2.4 Exact controllability and right inverse of a C-semigroup

In this section we discuss the relation between the exact controllability and the right inverse of
a Cp-semigroup, then by duality we pass to the left inverse of a Cy-semigroup using Lyapunov’s

equation defined under the following Theorem .

Theorem 2.4.1 [0/
Assume that A generates a Co-semigroup (T'(t))i>0 on the Hilbert space Z. Then the following

conditions are equivalent :

(i) There exists a Hilbert space U and an operator B € B(U,Z) such that the pair (A, B) is

exactly controllable;

(ii) (T(t))i>0 admits a right-inverse Co-semigroup (S(t))i>0 on Z, ie., T(t)S(t) = I (the
identity on Z) for all t > 0;

(iii) (T(t))e>0 is surjective for allt>0; and
(tv) There exists to > 0 such that T'(to) is surjective.

From Theorem 2.4.1 we obtain some new information about the unique self-adjoint solution

K € B(Z) of the Lyapunov equation
IR(Azx, Kz) = —||z||?, VzeD(A), (2.1)
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where A generates an exponentially stable Cp-semigroup (7(¢))¢>0. It is well known that K is
defined by
+00
K= / T*(O)T(t)zdt, VreZ
0

We may use the relation between exact controllability and Lyapunov equations to derive from

Theorem 2.4.1 the following corollary

Corollary 2.4.1 [0]
Assume that A generates an exponentially stable Cy-semigroup (T(t))¢>0 on the Hilbert space

Z. Then the following conditions are equivalent :
(i) The unique self-adjoint solution K of the Lyapunov equation (2.1) is coercive;
(i) (T'(t))¢>0 admits a left-inverse Cy-semigroup on Z;

(iii) There exists to such that T(ty) admits a bounded linear left-inverse.
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Chapter 3

Left-invertible semigroups on Hilbert spaces

3.1 Introduction

In [6] Louis and Wexler showed that if a strongly continuous semigroup on a Hilbert space
is left invertible for one (or equivalently all) positive time instants, then there exists a left
inverse which is also a strongly continuous semigroup. Their proof uses optimal control and
Riccati equations. In this chapter we present a shorter proof which uses Lyapunov equations.
Furthermore, using this Lyapunov equation, we can show that any left-invertible semigroup
is a bounded perturbation of an isometric semigroup, see Theorem 3.2.3. Moreover, we show
that a Cy-semigroup is left invertible if and only if minus its generator can be extended to an

infinitesimal generator of a Cp-semigroup.

3.2 Left Invertible Semigroups

Definition 3.2.1 (Left Invertible Semigroups)
We say that the Cy-semigroup (T(t))e>0 is left invertible on the Hilbert space Z if there exists
a Co-semigroup (S(t))i>0 such that S(t)T(t) =1 for allt > 0.

Definition 3.2.2 (Left Invertible Semigroups)
The Co-semigroup (T'(t))i>0 is left invertible if there exists a function t — m(t) such that
m(t) >0 and for all zy € Z there holds

m(t) |zoll < IT(#)z0ll, ¢=>0 (3.1)

Proposition 3.2.1
Let (T'(t))t>0 be a Co-semigroup on the Hilbert space Z. Then tho following are equivalent

1. (T'(t))t>0 is left invertible,

33
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2. There exists a tg > 0 such that T (tg) is left invertible, i.e., there exists a mqg such that for
all zo € Z there holds mg ||z0|| < [|T (to) 20| -

Proof
1.(=)

(T'(t))¢>0 is left invertible semigroup, then there exists a function m(t) such that Vzy € Z there holds
m(t) || zoll < |7 ()20l ,Vt > 0,

it follows that there exists tg > 0 and my, such that Vzo € Z there holds my||z0|| < [|T(¢)z0]|-

2.(<=)

There exists tg > 0 such that T'(tp) is left invertible, then by Theorem 2.2.1 there exists two
constants a,c > 0 such that ||T(t)z2o]| > ce™®||20||, V20 € Z,t > 0, then there exists a function
m(t) = ce=® > 0, such that Vzg € Z we have ||T(t)zo| > m(t)|z0]|, then (T'(t))¢>0 is left
invertible. m

Before giving the main result, we need the following Lemma.

Lemma 3.2.1
Let Ay, Ag be the infinitesimal generators of the Co-semigroups (T1(t));>q and (Ta(t));>q, re-
spectively. Then X € B(Z) satisfies the Sylvester equation

<A121,X22>+<21,XA222> =0, =z ED(Al),ZQ ED(AQ) (32)
if and only if
Ti ()X Ta(t) =X, forallt>0 (3.3)

Moreover, if X is (boundedly) invertible, then
XM O)XTot) =1, forallt>0
Thus, (X_le‘(t)X)t>O is the left inverse of (Ta(t));>0-

Proof
(=>)We see that (3.3) is equivalent to (T7(t)z1, XTo(t)z2) = (21, X z2), for all z1, z3 € Z.
If (3.2) holds, then for z; € D(A1) and 22 € D(A2) we have

jt <T1 (t)zl,XTQ(t)22> = <A1T1 (t)zl,XTQ(t)22> + <T1 (t)zl,XAQTQ(t)ZQ> =0

then we have

[ AT ()21, XTo()22) = (T (1)1, X Ts(6)22)—{T1(0)21, X T5(0)23) = 0,Y21 € D(Ay), 2 € D(Aa).
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hence
<T1(t)21,XT2(t)ZQ> = <21,X22>V21 € D(Al), 29 € D(Ag) (3.4)

Now since the domains D(A;) and D(Asg) are dense it follows that
Vz1 € Z, there exists a sequence (wy,) € D(A;) such that nh—>Holo Wy, = 21. and,
V29 € Z there exists a sequence ((,) € D(Az) such that nli_ggo Cn = 22.

We remark that (3.4) is true for (wy,) € D(A;) and ((,) € D(A2) i.e., (T1(t)wn, XTo(t)(n) =
{(wWn, X (n) Vn € N.

Passing to the limit we get
nli_}rrg()(Tl(t)wn,XTg( )Cn) = Jim (wn,XCn> (T (t)z1, XTo(t)z2) = (21,X 22), Vz1, 20 € Z.
So we conclude that (3.2) holds.

(«<=) If(3.3) holds, we show that (A12z1,Xz2) + (21, X A220) =0, 21 €D (A1), 22 € D(A)
We substitute the value of X into equation (3.2), we get

<A121,X22> + <21,XA222> = <A121,T1 ( )XTQ(t)22> <21,T1 ( )XTQ(i)A222>,V21 S 'D(Al), Vz9 € D(AQ)
< ( )Alzl,XTQ(t)ZQ> < ( )Zl,XTQ( )AQZQ),VZl € D(Al), V2o € D(AQ)
= <A1T1( )zl,XTQ(t)ZQ> < ( )Zl,XAQTQ( )ZQ),VZl € D(Al), Vz9 € D(AQ)

=y (#)20, X T (1) 22),¥21 € D(AL), 2 € D(As)

dt
d
— a<,21,X,22>,V,21 € D(A1), V29 € D(A3).
But ;
571X 22) =0, Vz1 € D(A1), 2 € D(Ay)
Thus

<A121,XZQ> + <21,XA222> =0, z1€ D(Al), Vz9 € D(AQ)

So we conclude that (3.3) is true.

Moreover

if X is boundedly invertible = X 'T} (t) X To(t) = X ' X
— X ITF ()X Th(t) =1

Thus X 77 ()X is the left inverse of (T%(t))i>0. =

Now we can formulate and prove the main result of this chapter.
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Theorem 3.2.1
Let A be the infinitesimal generator of the Cy-semigroup (T'(t))t>0 on the Hilbert space Z. Then
(T'(t))t>0 is left invertible if and only if —A can be extended to an infinitesimal generator of a

Cy-semigroup.

Proof
(1=2)
Assume that (7'(t))e>0 is left invertible, then there exists a Cp-semigroup (S(t))i>0 such that
S(t)T(t) = 1. Let Az with domain D(Az) be the infinitisimal generator of (S(t))¢>0. For z € Z,
we have that
S(t)z—2z=8t)z—St)T(t)z=S(t)(z—T(t)z)

For z € D(A) =D(—A), we obtain, also using the strong continuity of (7°(¢))¢>0,

As— Tim — {T@)Z—Z} 2T STz =T | (S0) = DT(1):
t—0 t t—0 t t—0 t =0 ;
 lim (Sit)—1)z
t—0 t
— lim S(t)z —z
t—0 t
- AQZv

Then Vz € D(A) =D(—A) = 2z € D(A2) e, D(—A) C D(Ay),
and Vz € D(A), —Az = Az = —A C Ag, then we have A5 C —A*.

(2=1)

Assume now that As is the infinitesimal generator of the Cyp-semigroup (S(t)):>0 and that As
is an extension of —A jie., D(—A) = D(A) C D(A2) and Vz € D(A), —Az = Asz, then we
deduce from the definition of the adjiont that —A* is the extension of A3 (A5 C —A*) and
D(A3) C D(A*). For z1 € D(A%) and 22 € D(A), we have

= (A521,22) + (—A521,29) = 0.

By Lemma 3.2.1, we conclude that S(¢)T'(t) =1, for allt > 0. m

Theorem 3.2.2
Let (T'(t))t>0 be a Co-semigroup on the Hilbert space Z with infinitesimal generator A. Then

the following are equivalent.
1. (T'(t))t>0 is left invertible;
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2. The system X(A,—,I) is exactly observable in finite-time;

3. There exists a Hilbert space Y and an operator C € B(Z,Y') such that (A, —,C') is exactly

observable in finite-time;

4. There exists an w € R, a Hilbert space Y, an operator C € B(Z,Y'), and a positive sym-
metric operator X € B(Z) such that X is (boundedly) invertible and satisfies the Lyapunov

equation

(A—wl)z1,X29) + (21, X (A —wl)z9) = — (Cz1,Cz2), (3.5)

for all z1,z9 € D(A);

5. There exists a Cy-semigroup (S(t))e>0 such that S(t)T(t) =1 for all t > 0.

Proof
(1= 2)

Since (3.1) holds < There exists a function m(t) > 0,Vzg € Z,m(t)||z0] < ||T(t)z20]|,t > 0;

= Vo > 0, Vzer/ OIEN dt</ 1T(¢) 20| 2dt;
= Vi > 0, Vzer/ dtHzOH2</ 1T(¢) 20| 2dt;
t
= Vo > 0,3m > 0,¥z0 € Z/ (1)t z0]|2 = m|z0||? < /° 1T(£) 202t

= The systemX(A, —, ) is exactly observable in finite-time.

(3=14)

First, the infinitesimal generator A —wl = B is generated by the semigroup e “!T'(t) = S(t),
therefore B +wl = A is generated by the semigroup e“'S(t) = T'(t).

Choose w € R larger than the growth bound of (7'(¢));>0. Then we have that the semigroup
(e7*!T(t)) is exponentially stable, i.e., there exists a constant K > 1 and a > 0, such that

I T(0)]] < e, Wt > 0.
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Now for z € Z we have

2 to 2 to wt 2 o oy 2
milsl? < [lCT(@)1%dt = [T Cet S|t = [ RSPt

t

<mi /0 Y et (t) 2| 2dt,
t

<my [ e HCT():] P,
o0

<m /0 e 2 CT (1) 2| dt,
o

—my /O et (1) 2| 2dt,
& 2 2

<my [ ICIP e T ()] Pde,
[o.0]

§m1/0 HC”2K2672atHZH2dt’

o0
=m[[C)2 [ 2"tz

= my M]||z||2.

Define (21, X 29) = [§° e 2!(CT(t)z1,CT(t)22)dt, then we have

a)X is symmetric since in one hand we have

(21, X 29) = /0 T2 OT(t) 2, OT (D) 20)dt = (X7, 21), V21, 20 € 7.
on the other hand we have

(o1, X o) = /0 T 2O ()29, CT () 21Vt = (29, X 21), V21, 22 € 2.

From(3.6) and (3.7) we obtain (Xz9,21) = (22, X 21), V21, 22 € Z.
b) By the above relation

2 < 2 2 2
m||z|| §m1/0 e HCT () 2||2dt <miM||z||*, Yz € Z

equivalently
m(z,zy <my(z, Xz) <miM(z,z), V€ Z
then
m
—(2,2) <(2,X2) < M({z,2),Vz € Z
my
which (3.8) is equivalent to
< x<MI
mi

Thus X is a bounded operator with bounded inverse.
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¢) Now we can show that X is a solution to the Lyapunov equation

(A—wl)z1, X 2z2) + (21, X

We have

(A—wl)z) =

—(Cz1,Cz), Vz1, 20 € D(A)

(A—wl)z1,X22) + (21, X (A —wl)z) = /OOO e 2HCT (1) (A — wI) 21, CT (t) ) dt

+ / BT (t) 21, CT (1) (A — wl)20)dt

“], 1

Ce ' T(t)(A —wl)z,Ce T (1) 20)dt

- e

e ()21, Ce ™ T (t) (A — wl) z0)dt

/O %(C’e_“’tT(t)zl,C’e_“’tT(t)z2>dt

= [(Ce™™'T(t)21,Ce T (t) ) dt] ™
= —<021,CZQ>.

Thus X is a solution to the Lyapunov equation (3.5).

(4 = 5)

We rewrite the Lyapunov equation (3.5) to the Sylvester equation

We have (3.5)
A

©
=
=
= ((A

Since this can be seen as (3.2) with A; =

A—

(
(
(A -
(

wl)z1, Xz) + (21, X (A —
—wl)zy, Xz9) + (21, X (A —
wl)z1, Xz9) + (21, X (A —
—wl+ X71C*C) 21, X 20) +

A—

wl)zy) = —(Cz1,Cz2), V21, 22 € D(A)
w[)22> <XX710*02’1,2’2> =0, Vz1, 29 € D(A)
wl)z) +(XT1C* C2, X 20) =0, Y21, 2 € D(A)

(z1,X(A—wl)z9) =0, Vz1, 22 € D(A)

wl+X~1C*C and Ay = A —wl, and since a

bounded perturbation of an infinitisimal generator is still an infinitesimal generator, we obtain

by Lemma 3.2.1 that the semigroup generated by A — wI is left invertible, and

Where (T7(t))s>0 is the semigroup generated by A—wl+X1C*C. Thus, S(t) = X~

XITEXT(t)e ™t =

is the left inverse of T'(t).

(5 = 1) Is clear by definition. m

Remark 3.2.1

1,

1T1*Xe—wt

We remark that the Theorem 3.2.2 also holds for C € B(Z,Y) for which £(A,—,C) is exactly
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observable in infinite-time, provided we have for all 29 € Z that [5°||CT(t)z||?dt < oo, or
equivalently

SCNCT () 20dt < m||z0||? for some m independent of zy. Just define X in part 4 as
oo
(21, X 20) = /0 (CT(t)20,CT(t)22)dt

and take w = 0. The condition [§°|/CT(t)z||?dt < co for all zg € Z is known as infinite-time

admissibility or output stability.

In the proof of Theorem 3.2.2 3 = 4 we used that e “!C'T'(t)zq is square integrable on [0, 00).
Even when (7'(t)):s0 is exponentially stable, this does not imply that C' is bounded. The class
of operators C': D(A) — Y for which this holds is called admissible. Hence it may seem that if
item 3 holds for an admissible C', then item 1 will hold as well. The following example shows

that this does not hold for general admissible output operators.

Example 3.2.1

Consider the left-shift semigroup on L*(0,1), i.e.,
fin+t) n+tel0,1]
0 n+t>1

(T(t).f)(n) = {

with the observation at n =20, i.e.,

Cf = f(0)
We show that (T'(t))i>0 is not left invertible ;
Fort €[0,1] we have

TSI = (TS TO oy = [, (T@ 1 Pds = [ 17 +)Pds = 1701

then
1T@) S = (1@l
On the other hand we have
1@ S =[S )]
equivalently le £l = 1LF @)l
then LF@ = Nl £l < Nl 11 £
hence ITO Il = £ @I < moll fll, ¢ €[0,1] with mo=||e™|

there exists t € [0,1] such that ||T'(t)f|| < mol||fll, thus (T(t))i>0 is not left invertible,
But since
Jo |CT () fIdt = || fII* , then

the operator C is admissible and exactly observable in finite-time.
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It is well-known that the left inverse need not to be unique. However, since in item 5 the left
inverse is a Cy-semigroup, it might be expected that this extra structure induces uniqueness.
The following example shows that the left-inverse semigroup in item 5 of Theorem 3.2.2 need

not to be unique.

Example 3.2.2
As Hilbert space Z we take L?(0,00)@ L?(0,1). Furthermore, we take

Al ( fl ) = ( :1 )
J2 —J2
with domain

D(A;) = {( ? ) €Z| fi € H'(0,00), fo € H'(0,1) and f1(0) = cfa(0), f2(1) = ﬁfz(o)},

2
where HY(Q) denotes the Sobolev space of L*(Q)-functions whose (distribustional) derivative

lies in L*(Q). The operator As is defined similarly,

(o) (5)

with domain

92
It is not hard to show that these operators generate strongly continuous semigroups on Z.

D(Az) = {( o ) €Z| g € H(0,00), g2 € H'(0,1) and g1(0) = 0,v2g2(1) :92(0)},

For ( ;1 ) € D(A), there holds
2

<A1 ( jz ) : ( 2 )>+<( j:; ) , Ay ( 2 >>:/OOO—f1(x)fl(a:)da:+/Ooofl(x)(_fl(x))dx

+ [~ p@REd+ [ AR

= —[IA @) = [l f2(=)]*o
= =0+ |afa(0)* = 2| £2(0)]* + | f2(0)* < 0,

for 0 <a <1. Thus, for these values of o, A1 generates a contraction semigroup.
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For ( & ) € D(A), there holds
92

<A1 ( Z ) ; ( Z >>+<< z; ) Ay ( :Z; )>:/OOO—91($)91($)CZ$—|— Omg1(x)(—gl(x))dx

+ / in(e)gadr 4 [ gola) (o))

~[g1(@)*15° — llg2(2)lo

0
= =0+ g1(0)]* = |g2(1)]* + |g2(0)|?
2

+g2(0)* < 0.

- ‘\}592(0)

Next we show that (3.2) is satisfied for X =1 for all .

(HEDAG) - £ sime L

+ fQ gz(x)d$+/ fo(z)(=g2(z))dx
=—[ (@)1 ()] — [fa(z )92(37)](1)
=—0-+0— fa(1)g2(1) + f2(0)g2(0)

_ —\/QfQ(O)EM%— f2(0)g2(0) =0,

where we used the boundary conditions. Hence by Lemma 3.2.1 we obtain T} (t)Ta(t) = I, thus
1 generates the left inverse (T} (t))i>0 of (Ta2(t))>0. but because of its dependance on « it is

not unique.

Theorem 3.2.3
Let (T'(t))¢>0 be a Cy-semigroup on the Hilbet space Z with generator A. Then the following

are equivalent
1. (T(t))e=0 is left invertible;

2. There exists a bounded operator ) and an equivalent inner product such that A+ Q

generates an isometric semigroup in the norm.

Proof
(1=2)
Suppose that (7'(t));>0 is left invertible. By Theorem 3.2.2, 3 w € R, a Hilbert space Y,
C € B(Z,Y) and an operator X € Z boundedly invertible, such that

((A—wl)z1, X 29) + (21, X (A —wl)29) = — (21, 29),Vz1,29 € D(A) (3.9)
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3.2. LEFT INVERTIBLE SEMIGROUPS

Now we can write this equation as

1 1
(3.9) & (A—wl)z1,X22) + (21, X(A—wl)2z) = ) (21,29) — 5 (21,22), Vz1,20 € D(A)
1 1
S (A—wl)z1, Xz) + (21, X (A —wl)z9) + §<XX_121,Z2> + i(zl,XX_l,@) =0,

1 1
= <(A—WI)Z1,X22> + <21,X(A—wl>22> + §<X_121,XZ2> +§<21,XX_122> = 0,

1 1
& ((A—wl+ §X—1)21,XZQ) + (21, X (A—wl + 5X—l)zQ> =0, Vz1,22 € D(A).

= (21, X 22), then the equation

new

1
By defining Q = —wI + iX_l’ taking as new product (z1, 22)

1 1
(A—wl + §X*1)z1,Xzz> + (21, X (A —wl + §X*1)z2> =0, Vz1,22 € D(A)
becomes in the following form

1 1
(A—wl+ §X*1)zl,z2> + (21, (A—wl + 5X*l)z2> =0, V21,22 € D(A),

new new

then using Lemma 3.2.1 we obtain S*(¢)S(t) = I.
Thus, the semigroup (S(t))¢>0 generated by A+ @ is isometric.
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